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Abstract

In this paper we have evaluated o, u0i, 0:0;u0,0;, Tr(c,1) Tr(o,v), Tr(e;0,u)Tr(e;0,v)
and Tr(u) where v and v involve Pauli matrices ¢; and the 2 x 2 unit matrix in the form
of products of elements of the type a, = 4,,0; + ia.,, With the help of the results of the
trace calculation involving Dirac matrices. We have evaluated y, Upy, 7,874, ¥u ¥ UvuPss
Te(yuS)Tr (S ), Tr(puys UYTr(yup V), Tr(ps U) Tr(ys V), Tr(ys U) and Tr(U). Here U,
V are products of an even number of elements and S, §” are products of an odd number
of elements of the type 4, (= 4,,7,). We have also dealt with the cases in which the
dummy suffixes 7 and ¢ occurring in some of the above expressions are replaced by ‘a’
which assume any specific value instead of implying a summation. We have considered
also the evaluation of the above-mentioned traces when the term, 1 & ys, occurs within
the trace brackets; this is required in the calculation of the traces involving o; and the
unit 2 x 2 matrix. It has been shown that the problem of the trace calculation involving
Dirac matrices can be reduced to one involving three Pauli matrices ¢; and the unit
2 x 2 matrix.

Introduction

In a previous paper (Sarkar, 1971) we have dealt with the trace of
the product of an arbitrary number of elements a, which involve
Pauli matrices in the manner a, = a, ¢; (summation over repeated suffix
is usually implied). In this paper we consider the same problem when
a, = a, 0, +ia, =a, o, (Where we write o, =17). In the notation used in
this paper, Greek suffixes 1, v, . . ., etc., stand for any number from 1 to 4,
while Latin suffixes 7, j, . . ., etc., take any value from 1 to 3. It is shown
in this paper that the above problem involving elements like a, can be
related to an equivalent problem involving 4, (= A, v.) and a term 1 + ys.
7, are Dirac matrices. Further, the trace of the product of Dirac matrices
A, (= A,,7,) and the same containing one ys matrix can also be related to
one involving four 2 x 2 matrices, namely, ¢; and 1. Now 4, considered
here does not involve any 4 x 4 unit matrix as we find in the term p, y,, + im
occurring in the perturbation calculation for a particle with mass m and
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four momenta p,. We may infer that the trace calculation can be reduced
to one which involves four 2 x 2 matrices, o; and 1 when we deal with the
scattering problem for massless fermions. We may point out that the term
1 + y5 occurs when we deal with the weak interaction problem involving
leptons. The term 1 £ y5 is related to the helicity or the spin projection
operator for a massless particle. In this paper we also give results for the
trace of Dirac matrices when the term 1 4+ 95 occurs within the trace
brackets. This result may be useful in the solution of weak interaction
problems and other problems involving extremely relativistic longitudinally
polarised particles.

We have first shown that any even string which is the product of an
even number of elements like 4, (=4,,y,) can be written in a form
in which the new elements consist of two 2 x 2 submatrices along the
diagonal. The 2 x 2 submatrices involve the Pauli matrices o; and the
2 x 2 unit matrix. Throughout this paper we have used the abbreviated
notation of the trace bracket, Tr(U) = (U). We have evaluated y, Uy,,
PP Uy uv U)@us V), 7287, and (3,8)(2,S”) where U, V are even
strings and S, S’ are odd strings. y,Sy, and (y,S)(y,S’) were also
evaluated by Chisholm (1963) using a different method. We have further
given an evaluation of (ys U)(ys V) in a form which does not involve the
ys matrix. Application of this result yields a reduction formula for an
efficient evaluation of (ys U), (U) and ([1 + ys] U).

In this paper we use the convention that capital letters S, S’, Uand V
denote strings involving Dirac matrices and small letters u, v stand for the
same involving Pauli matrices o; and 1. With the help of the results for the
trace calculation involving Dirac matrices we have derived the formulae
for the evaluation of ¢,uo,, 6,0,u0,0,, {c,4)(o,v), (6,0,1)(0c,0,0), ().
Some reduction formulae for y,8y,, (¥,5)(y,S"), o,u0, and (o,4)(o,v) are
obtained in this paper where the particular repeated suffix ‘a’ does not
imply any summation and can assume any specific value permitted for the
suffix. In this connection we may point out that Chisholm (1966) has
evaluated the sum 32 ; 6,0,0;...0,0, and 22 ;...0....T(0,6,0;...0,).

Calculation
Let us define U to be an even string of Dirac matrices of the following
type

U Ay, A, ... A= TT A, M
p=1
where # is even and
A,.ZA,i’))i +Ar4')’4=Ar”'yu (2)

We can write
U=T[ids;viyays +iys Ay, al [0s V4l [i42: 9 V4 ys + iys 42, 4]
X [~iysyal - - lidn, vivays + iys Ay J=ivs 7] (3)
n
= [T [i4r,7:vavs — i(=1)"y5 4,,] @

=1
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Then we have

n

(UIL £ 7)) = ( T[4, 7 F -1 4,101+ m) )

=1

We choose the following representation for Dirac matrices

[0 —ig, {01 (10
"Nig, o) 71 o) T 4

Then we get
) o 0
ivays = ( 0 o_.) ()

With the help of relations (5) and (6) we can express the trace involving
four 2 x 2 matrices, viz., ¢; and the 2 x 2 unit matrix in terms of the trace
involving Dirac matrices in the following manner.

= (1110, + 1) = (1T 0,0, ™
=3(UIL +ys)) @®
where
{1 O
ee=ify 1) ©)
a, and A,.u are interrelated in the following manner
a4, = Ari, &, = _(__l)r Ar4 (10)
With the help of equations (7), (8) and (10) and the relation
(U) = (Ug) (11)
we have _
(ug) = H(Urll +ys]) (12)
=3(7s Ugya [1 + ys]) = 3(s Upa[l +v5]) = 3(T[1 + ps]) (13)
and
(@) =3O + 95D = 3UIL - ys]) (14)
From equations (13) and (14) we get
(@) = (ug) (15)

Where the suffix R of Uy and u, denotes that we have to deal with a reversed
string, formed by writing the matrices in the reverse order, e.g.,

Up=4,,A4,4,... 4, (16)
UR =0y, Ap_qs . . . O an

In U and 7 the relevant quantities 4,, and 4,, are given by
4,,=4,, A, ,=-A,, (18)

dri = ar,; a_r4 = —ar4 (19)
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So that the notation of ‘bar’ implies that the sign of the fourth component
is to be reversed.

Equations (8), (14) and (15) yield the following relations,

(U) = @) + (@) = () + (ug) 20)

(s U) = () — (@) = () — (ur) 3y

We know that six elements of the type y,y, — 7,7, are the same as six

independent elements of the type y,y; — 717, and ys[y,y: — 717.]- Here y;

may be replaced by any one of the four Dirac matrices and to indicate this

we replace y, by y,. Suffixes ¢ and v are assumed to take all values from 1
to 4. Then we have the following obvious relations.

uty =BVl ULy = 10 ¥ud = ava — 22Vl Ul va — va ]
+ 750 Va = VaPud Urs[Pu¥a = Va Vsl
(22)
=3y — 1Vl ULy vy — 1o 7l
+ 35y — 1o vl Uyslvuve — 1ol (23)

When U is an even string equation (22) provides us with the following
relation

Tu¥v Uyu = 47;4 Va U’}’u Ya (24)
From equation (24) we get
VuVy Uruty = Va2 A1y Az AuVuVa (25)

Now using the fact that the suffix ‘a” can always be adjusted to coincide
with a particular value of the dummy suffix A or any suffix ‘a” which like
‘@’ is not dummy, we obtain

VuVv U}’u v = 4yu AZBAS v An 'yuAl (26)
=47u'}’a’}"a’ A2A3- -°Anyuya'}’a’A1 (27)

As stated before throughout this paper the repeated suffix ‘a’ does
not imply any summation. Repeatedly applying the procedure adopted in
the derivation of equation (26) with the help of equation (24), and using
relation (27), we obtain the following relation for an even string U.

Vuly Uty = WuVadsAa.. . ApPpvads 4; (28)
=, Vv Ari1 Ao Apvuyy4r Ay Ay (29)
—dy, Ay Ay Ay Ae g Ap g Ay (30)
= —8Ug 31)

where r is even in equations (29) and (30).
From relations (26) and (31) we get the following results for an odd
string S
VSV = —2S5g (32)
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From equations (24) and (31) we find

Vu U= 27a[U + Url v (33)

For a string ¥’ occurring within the trace bracket we have the following
relations similar to those given by equations (22) and (23)

Hure = 2 v = 2 2d V) = 100 ¥a = VeV d a¥a — Ya¥u] V) + ¥5[707a

~YaVul OslVu¥a — Va7l V) (34)
= %[’yu Pv— Vv 'yu] ([yu v — W ’yu] V’) + %'YS [?u v — 'Yu] ('))5 [')’u Yv — Py ')’u] V’)
(35)

Equations (34) and (35) yield the following relations

. Vs Va5 Vulv V) = 2 a0 V) +4(V") — dys(ys V') (36)
an

POV V) + Vs @s Vv V') = 8000 ¥a V') + 49570 0a(¥5 Vu¥a V')
(37

Let us transfer in equation (37) the elements of V' (= A4, 4,"...4,") from

the inside of the trace bracket to the outside following the procedure used

in obtaining equations (25) to (31). This enables us to derive from equation
(37) the following relation

Y Wu¥s V) + 15 7un(s ¥ V) = 16V (38)
Putting U = V3’ in equation (38) we obtain the following expression for U.
16U = 2y, 7,(yu vy Ur) + 475(ys U) — 4(U) (39
Equations (39) and (11) also lead to the relation

2U + 2Ug = (U) + 75(ys U) (40)

Using relation (40) we obtain from equation (33)
Ya Uyu = (U) - 75(')’5 U) (41)
=2U) - 2U ~2Uy 42)

Putting V' =y,S (where S is an odd string) in equations (37) and (38), we
obtain the following relation

4S = y,(yu Sr) + V575V Sr)

= 720 S) = 7574570 S) 43)
Equation (43) provides us with the following relation
(8" (7u8) = 2([S + S] S”) (44)

Equations (32) and (44) were already deduced by Chisholm (1963) in a
different manner.
Equation (44) leads to the relation

(Syull +sD (S pull -+ 5] = 4(Se S'[1 = p5]) (43)
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From equations (42) and (33), with y,.S replacing U, we obtain, after some
manipulation, the following result

(72 S) (¥ S") = ([Sg + STIS" + 728" 72D (46)
The substitution, U= 17,S in equation (40) leads to the following relation
YaSVa=—Sr +$7a(yaS) + 175 Va(¥s 72 S) @7

From equations (39) and (40) we have
Gurs D) Gun V) =4[Ur — U1V) +4U) (V) “43)

and

Guyy UL+ 95D Gy V [L A+ 75D = —16(UVI1 + ys])
+8UL+ysD(VIL+7sD)  (49)
Equation (40) leads to the relation
s U)(s V) =20V [U+ Ur]) — (U) (V) (50)

we may note that the r.h.s. of equation (50) does not involve the y; matrix.
From equation (50) we have
([1-+ys]1O)Y([L + ys1 V) = 2(V[U + Ugl1 + 75D (D

TakingS=A4,4,... A,and S’ = A, Apis . . . A, and using equation (43)
we obtain the following formula for determining (ys U),

s U)=4(ys A1 Ay. .. Ay)) =— _21 (4145 Api Ay A) (954, S7)

—t; D54 S) Ay Amiz - Arg Aryr - A4)
(52)
From the relation
2s[U + Ul V) = (U) (ys V) + (3 U) (V) (53)
obtained from equation (40), we can develop another efficient method for
determining (ys 4; A,. .. A4,).
Putting U= A, A, AsAsand V= AsA4,. .. A, in equation (53) we get the
following relation
dys Ay Ay... A,)=4(ys UV)
=2(s[U— Ur + (N1V) = (s N(U) + (V) (s U)
(54
where
HU—-Ug+ WU =A; Ay Az Ay — Ay A3 Ay Ay + Ay Ay Ay Ay
(55)
Equations (52), for the case m = 3, and (54) have also been derived in
our previous paper (Sarkar, 1971) in a different manner.
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Replacing V' by Vys in equation (54) we can obtain an efficient method
for determining (4, 4,... 4,).
From equation (54) we have

A1 +7ps1d414,... 4) =2([1 +ys] [U— U +(U)] V) 7
—([1 =y ] )1 + 951 ¥) (56)
Let us now obtain some results involving four 2 x 2 matrices, viz., a;
and o, (which is defined by equation (9)) with the help of the formulae
involving the Dirac matrices already derived in this paper. Using equations

(24) (for a =4 and a = 1) and (31) we can obtain with the help of relations
(4) to (10) the following results:

o UG, =—016,U0,0, (57)
=—10,0,U0,0, (58)
= 20 (59)

where the form of u is given in equation (7). The form of i, is obtained
with the help of equations (17) and (19).
From equation (39) we obtain
4U 1 + 5] = yuvall + 751 va Urll + 5D (60)
=3l + 751 vy Urll + 75D (61)

With the assistance of equations (4) to (7) we can obtain from equations (60)
and (61) the following relations

4u =20,0,(0,011g) (62)
=—26,(0,1Ir) (63)
= %au O'v(a-u Oy ﬁR) (64)

From equations (63) and (9) we have

2(uv) = (iig) (v) — (6, 0) (0, 7ig) (65)
From the relation
(UL +ysD -1 + 751 =2[Ur + UI[1 + 5] (66")

derived from equation (40) and using equations (8), (5) and (6) we obtain
the following result

() =u + iig (66)
Equation (63) combined with equation (66) leads to the relation
(0:0) (0: 1) = ([u — g]v) 67
From equation (59) we get the relation
o uo; =u + 2ig (68)

From equations (58) and (64) it is possible to evaluate o;0;u0;0; and
(oi0;u)(g,0,v).
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Replacing u by o,uo, (= io,u) in equation (66) and then multiplying the
resulting equation by g,, from the right we obtain the following relation

G UG, = 0,(0,1) + tig 69)
Equation (69) leads to the relation
(O-a U) (O-a u) = (o'u Uo, U) - (ﬁR U) (70)

In equations (69) and (70) the repeated index ‘@’ does not indicate any
summation and can assume any specific value from 1 to 3.

With the help of equations (8), (56), (55), (10), (14) and (15) we obtain
the following reduction formula for the trace (u)

W=a...a)=3Ul+y)=(a,.a2a30, —a,.a; 4,0,
+ay.a,d,d3+ a,.058,a, — 0,.0,0, 45
+a3.0,053;)0505. . . a,) — H(A4 A3 A20,) (A5 s - - - ) 7D
wherein d, has been defined in equation (19).

We may note that the 4 x 4 Dirac matrices y, generate a sixteen-element
algebra—the Dirac algebra—of which the elements are 1, y,, 6,,, 7,75
and y;, whereas the 2 x 2 Pauli matrices o; generate a four-element algebra,
of which the elements are o; and 1. It may be convenient for numerical

calculation of the trace of 4 x 4 Dirac matrices if we reduce it to one
involving 2 x 2 matrices o, with the help of the formulae derived in this

paper.
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